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Abstract. We describe a family of exact Gerstner type solutions for the geophysical
equatorial deep water wave problem in the f−plane approximation. These Gerstner
type waves are two-dimensional and travel with constant speed over a uniform horizontal
current. The particle paths in the presence and absence of the Coriolis force are also
analyzed in dependence of the current strength.
1. Introduction. Analyzing the motion of an object situated in a reference frame
rotating with uniform angular velocity one has to take into consideration the Coriolis
force acting upon the object. In particular, when studying geophysical water waves
traveling over an inviscid fluid at the Earth’s surface, due to the rotation of the Earth
around its axis, the Coriolis force influences the motion of the fluid particles, cf. [13, 31]
adding also additional terms in the Euler equations.
There exists an explicit solution for gravity deep water waves without Coriolis effect,
which was found first by Gerstner [14] and later on by Rankine [32]. Its features have
been analyzed in [2, 17] and more recently in [24] where the effects caused by the Earth’s
rotation are also considered. Gerstner’s solution is in fact the unique solution for the
geophysical deep water wave that has no stagnation points and with the pressure con-
stant along the streamlines, cf. [20, 28]. It is given by describing the evolution of each
individual fluid particle in the flow: all fluid particle move on circles, the radii of the cir-
cles decreasing with the depth. Moreover, the flow is rotational and the vorticity decays
with depth.
That for Gerstner’s wave fluid particles move on circles is in agreement with the
classical description of the particle paths within the framework of linear water wave theory
[19, 21, 33]: all water particles trace a circular orbit, the diameter of which decreases with
depth. However, it was recently shown within linear theory [6, 25] that for irrotational
periodic water waves the particle paths are not closed. Even within the linear water
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wave theory, the ordinary differential equations system describing the motion of the fluid
particles is nevertheless nonlinear and explicit solutions of this system are not available.
However, qualitative features of the underlying flow have been obtained in a nonlinear
setting in [4, 8, 15, 27, 26, 35]. The particle trajectories and other properties for the flow
beneath water waves of finite depth have been discussed in [3, 7, 9, 10, 12, 16, 18, 22, 30],
to mention just some of the contributions.
It is worth mentioning that there exists an explicit solution describing the propagation
of edge-waves along a sloping beach which is obtained in [1] by adapting Gerstner’s solu-
tion. Gerstner’s idea may be used to construct an explicit solution for non-homogeneous
deep water waves and for edge-waves along a sloping beach cf. [34]. More recently, in
[23] the author gave an explicit solution describing geophysical equatorial edge waves
propagating over a plane sloping beach with the shoreline parallel to the Equator.
For waves localized close to the Equator, the mathematical formulation of the geophys-
ical water wave problem is the so-called f−plane approximation, the Coriolis parameter
being constant in this case. For the physical relevance of our setting we refer to the
discussion in [5]. In this paper we analyze a family of explicit Gerstner type solutions,
for the geophysical deep water wave problem in the f−plane approximation, which travel
over an uniform horizontal current. These solutions are presented in a Lagrangian frame-
work by describing the path of each individual fluid particle. They appeared before in a
implicit form in [29] in the context of gravitational and geostrophic billows. In the ab-
sence of an underlying current, the solutions presented herein coincide with those studied
in [2, 17, 24]. In this case the particle trajectories are circles. In this paper we investigate
the influence of the underlying current on the wave and the flow beneath it. Particularly,
we prove that they possess the following features:
• the waves propagate along the Equator and are geometrically reflections of cur-
tate cycloids or of cycloids with cusps with respect to a horizontal line. They
have wavelength λ = 2pi/k, k ∈ N. Their form is independent of the strength U
of the uniform current, but the wave speed c is U -dependent;
• depending on their position in the flow and the value of U, when U 6= 0, the
fluid particles are looping or undulate in the direction of the current (also when
the current and the wave move in opposite directions). Their horizontal drift
though is determined only by U (and c for geophysical waves), and is uniform
with respect to the position of the particles within the wave;
• the flows are rotational and the absolute value of the vorticity decreases with
depth. Its value is proportional to U − c for geophysical waves, whereas in the
absence of Coriolis effects it is only the sign of the vorticity which changes with
U − c;
• the influence of the underlying current on the flow beneath the wave depends
in the geophysical context on the direction of propagation of the wave along the
Equator. There is a limitation on the value of U above which our functions stop
to describe solutions of the deep water wave problem. For the limit value of U
the solutions describe waves propagating from east to west with speed c = U and
consisting only of stagnation points.
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The outline of the paper is the following: we present in Section 2 the governing equa-
tions in the f−plane approximation and, using a Lagrangian description, we introduce
the family of Gerstner type solutions traveling over uniform horizontal currents. In Sec-
tion 3 we prove that these solutions verify the equations of motion and finally, in Section
4, we analyze and illustrate the paths of the particles in dependence of the current
strength, in the absence of the Coriolis force and for geophysical waves, respectively.
2. The mathematical model and the Gerstner type solutions. In a rotating
frame with the origin at a point on Earth’s surface, with the X−axis chosen horizontally
due east, the Y−axis horizontally due north and the Z−axis upward, we consider waves
traveling over a fluid of infinite depth, the wave surface being the graph Z = η(t,X, Y ).
For a fluid layer localized near the Equator, the governing equations in the f−plane
approximation are the Euler equations


ut + uuX + vuY + wuZ + 2ωw = −PX/ρ
vt + uvX + vvY + wvZ = −PY /ρ,
wt + uwX + vwY + wwZ − 2ωu = −PZ/ρ− g,
(2.1a)
and the equation of mass conservation
uX + vY + wZ = 0. (2.1b)
Here t represents time, (u, v, w) is the fluid velocity, ω = 73 · 10−6rad/s is the (constant)
rotational speed of the Earth1 round the polar axis towards east, ρ is the (constant)
density of the water, g = 9, 8m/s2 is the gravitational constant at the Earth’s surface,
and P is the pressure. The free surface decouples the motion of the water from that of
the air by the dynamic boundary condition
P = P0 on Z = η(t,X, Y ), (2.1c)
where P0 is the constant atmospheric pressure. Since the same particles always form the
free surface, we also have the kinematic boundary condition
w = ηt + uηX on Z = η(t,X, Y ). (2.1d)
Finally, assuming that at great depths the flow is almost horizontal we impose that
(u,w) → (U, 0) for Z → −∞ uniformly in (t,X). (2.1e)
In this paper we study traveling wave solutions of (2.1), that is solutions with the
velocity field, the pressure, and the free surface exhibiting a (t,X)−dependence of the
form (X − ct), where |c| is the speed of the wave surface. If c > 0, then the wave moves
from west to east, while if c < 0 it moves in the opposite direction, with constant speed
|c|. Moreover, we seek two-dimensional flows, independent upon the Y−coordinate and
1Taken to be a perfect sphere of radius 6371km.
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with v ≡ 0 throughout the flow, that is solutions of

ut + uuX + wuZ + 2ωw = −PX/ρ, in Z < η(X − ct),
wt + uwX + wwZ − 2ωu = −PZ/ρ− g, in Z < η(X − ct),
uX + wZ = 0 in Z < η(X − ct),
P = P0 on Z = η(X − ct),
w = ηt + uηX on Z = η(X − ct),
(u,w) → (U, 0) for Z → −∞ uniformly in (t,X).
(2.2)
Note that formally putting ω = 0 in (2.2), that is neglecting Coriolis force, the system
(2.2) reduces to the classical problem for two-dimensional deep water waves.
We describe now a family of exact solutions to the water wave problem (2.2). We will
allow for ω = 0, so that in this case our solutions describe deep water waves propagating
in the absence of Coriolis effects. These special, Gerstner type, solutions of the problem
(2.2) are given in a Lagrangian framework by describing the paths of all fluid particles
within the wave 

X(t, a, b) := a+ (c−m) t−
ekb
k
sin(k(a−mt)),
Z(t, a, b) := b+
ekb
k
cos(k(a−mt))
(2.3)
for all a ∈ R, b ≤ b0, and t ≥ 0. Hereby, the wave number k is assumed positive and
b0 ≤ 0. (2.4)
Each particle within the fluid is uniquely determined by a pair (a, b) with b ≤ b0, the
curve (X(t, ·, b0), Z(t, ·, b0)) being the profile of the wave. The path of each individual
particle is described by the mapping (X(·, a, b0), Z(·, a, b0)). As we shall see in Section
3, the equations (2.3) describe deep water waves traveling over a uniform horizontal
current (U, 0), with U = c−m, the wave speed c, and the parameter m satisfying certain
constraints. Depending on c and m, the current may be favorable, that is the wave and
the current move in the same direction, or adverse, if the current moves in the opposite
direction to that of wave propagation.
3. Analysis of the Gerstner’s family of solutions. To keep our notation short
we introduce the parameter set Σ := R×(−∞, b0). First, we prove that at any time t ≥ 0
the set {(X(t, a, b), Z(t, a, b)) : (a, b) ∈ Σ} describe an infinite fluid layer bounded from
above by the free surface (X(t, ·, b0), Z(t, ·, b0)), which is a graph when assuming b0 ≤ 0.
Lemma 3.1. Given t ≥ 0, the map Φ(t) := (X(t), Z(t)) defines a real-analytic diffeomor-
phism from Σ onto its image Ω(t). Moreover, there exists a function η : R→ R, which is
periodic of minimal period 2pi/k such that
Ω(t) = {(X,Z) : X ∈ R and Z < η(t,X) := η(X − ct)},
with Φ(t) : ∂Σ→ ∂Ω being a bijective map.
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Proof. Let us note that for each b ≤ b0 and t ≥ 0, the mapping R ∋ a 7→ X(t, a, b) ∈ R
is a diffeomorphism. Let X−1(t, ·, b) : R → R denote its inverse. The image of Φ(t) is
then the set
Ω(t) = {(X,Z(t,X−1(t,X, b), b)) : (X, b) ∈ R× (−∞, b0)}.
Since
∂
∂b
(
Z(t,X−1(t,X, b), b))
)
=
det ∂Φ
Xa
(t,X−1(t,X, b), b))
=
1− e2kb
1− ekb cos(k(a−mt))
∣∣
a=X−1(t,X,b)
> 0
for all t ≥ 0 and (X, b) ∈ R×(−∞, b0), and Z(t,X
−1(t,X, b), b)→b→−∞ −∞ we conclude
that Φ(t) maps Σ bijectively onto
Ω(t) = {(X,Z) : Z < Z(t,X−1(t,X, b0), b0))}.
Thus, at time t ≥ 0, the wave surface is the graph Z = η(t,X). Letting η := η(0, ·),
to show that η(t,X) = η(X − ct) reduces to prove that
X−1(t,X, b0)−mt = X
−1(0, X − ct, b0) for all t ≥ 0 and X ∈ R.
The latter identity can be easily obtained from (2.3). Similarly, that η has minimal
period T reduces to finding a constant T > 0 such that
X−1(0, X + T, b0) = X
−1(0, X, b0) +
2pi
k
,
and it follows readily from (2.3) that the minimal period is T = 2pi/k. 
Observe that the constants c and m do not interfere in the definition of η, so that
the shape of the wave surface is independent of these constants. Similarly as in the case
studied in [2, 17, 24], the wave surface is the reflection of a curtate cycloids or of a cycloid
with cusps with respect to a horizontal line (see also the discussion at the beginning of
Section 4).
We emphasize that by Lemma 3.1, the constant c is the only candidate for the wave
speed. As we shall see in Lemmas 3.2, 3.3, and 3.4 below, c is indeed the wave speed
constant. To prove this we have to find first a pressure P so that all equations of (2.2)
are satisfied and show also that (u, v, P ) has a (t,X) dependence of the form (X − ct).
To proceed, since the paths of the particles are described by (2.3), we see that the
velocity vector field within the fluid layer is given at any time t ≥ 0 by the relations{
u(t,X, Y ) = Xt(t, a, b)|(a,b)=Φ(t)−1(X,Y ),
v(t,X, Y ) = Zt(t, a, b)|(a,b)=Φ(t)−1(X,Y )
for (X,Y ) ∈ Ω(t). (3.1)
In the next lemma we show that, under certain restrictions on c and m, there exists a
pressure P , which depends on (X,Z) only through the parameter b, such that the Euler
equations are satisfied. We will differentiate now between flows with Coriolis effects and
flows where ω = 0. As (X,Z) are given explicitly by using the parameters (a, b), it is
more natural to work with the latter variables when determining the pressure of the flow
(also the vorticity, cf. Lemma 3.6).
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Lemma 3.2. If ω = 0, we assume that
m2 =
g
k
. (3.2)
Then, letting
P :=
ρm(km+ 2ω)
2k
(e2kb − e2kb0) + [2ωρ(c−m)− gρ] (b− b0) + P0, b ≤ b0, (3.3)
the first two equations of (2.2) are satisfied for all t ≥ 0 and all c ∈ R.
We emphasize that when Coriolis effects are neglected, Lemma 3.2 ensures that there
are no restrictions on the wave speed c. Note that we recover from (2.3) and (3.2), when
m = c =
√
g/k, Gerstner’s solution studied in [2, 17].
Lemma 3.3. If ω > 0, the speed of the wave is given by
c :=
g − km2
2ω
(3.4)
and, letting P be the function defined by (3.3) (with c given by (3.4)), the first two
equations of (2.2) are satisfied for all t ≥ 0.
Thus, in the context of geophysical waves, the wave speed is determined by m and k,
but the parameter m is free now. While the geophysical waves (2.3) may travel from east
to west at any speed, as c can be chosen to be any negative number, cf. 3.4, the speed of
propagation for waves moving from west to east is bounded by g/(2ω). In the limit case
c = g/(2ω), all particles within the fluid are stagnation points as they move horizontally
with the same speed as the wave, cf. Proposition 4.3.
We shall prove both Lemmas 3.2 and 3.3 simultaneously.
Proof of Lemmas 3.2 and 3.3. Similar arguments to those in [24] show that we are
left to determine a function P which has the property that it is constant on the wave
surface and
Pa = −ρ(Xtt + 2ωZt)Xa − ρ(Ztt − 2ωXt + g)Za, (3.5)
Pb = −ρ(Xtt + 2ωZt)Xb − ρ(Ztt − 2ωXt + g)Zb (3.6)
for all t ≥ 0 and (a, b) ∈ Σ. Using (2.3), the relation (3.5) is equivalent to
Pa = −ρe
kb sin(k(a−mt))
(
km2 + 2ωc− g
)
for all t ≥ 0 and (a, b) ∈ Σ. Since the pressure should be constant P = P0 at the wave
surface b = b0, we have to impose that
km2 + 2ωc− g = 0,
and we arrive at (3.2) or (3.4). With this choice, we see that Pa ≡ 0 in Σ. Concerning
(3.6), we find by direct computation that
Pb = ρm(km+ 2ω)e
2kb + 2ωρ(c−m)− gρ,
which leads us to relation (3.3). 
We prove next that u, v, and P exhibit a (t,X) dependence of the form (X − ct)
and that (u,w) satisfies the far-field condition (2.1e). The constant U = c −m will be
identified as being the horizontal velocity of the uniform background current.
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Lemma 3.4. We have that
(u,w, P )(t,X, Z) = (u,w, P )(0, X − ct, Z)
for all (X,Z) ∈ Ω(t), t ≥ 0, and
(u,w) → (c−m, 0) for Z → −∞ uniformly in (t,X).
Proof. Given (X,Z) ∈ Ω(t), we infer from Lemma 3.1 that (X− ct, Z) ∈ Ω(0), so that
the relation which is to be proved is well-defined. Setting Φ(t)−1 = (a(t), b(t)), it follows
readily from (2.3) and (3.3) that it suffices to establish that
a(t,X, Z)−mt = a(0, X − ct, Z) and b(t,X, Z) = b(0, X − ct, Z)
for all t ≥ 0 and (X,Z) ∈ Ω(t). However, the latter identities are equivalent to
X(t, a, b)− ct = X(0, a−mt, b) and Z(t, a, b) = Z(0, a−mt, b)
for all t ≥ 0 and (a, b) ∈ Σ, and these properties follows easily from (2.3).
From (2.3) and (3.1) we obtain the far-field condition, and the proof is completed. 
We show now that the flow is incompressible.
Lemma 3.5. The flow is incompressible, that is for all t ≥ 0 we have that
uX + wZ = 0 in Ω(t).
Proof. Using the same notation Φ(t)−1 = (a(t), b(t)) as in the proof of Lemma 3.4, we
obtain by the chain rule that
uX + wZ = XtaaX +XtbbX + ZtaaZ + ZtbbZ =
XtaZb −XtbZa − ZtaZb + ZtbXa
det ∂Φ(t)
= 0,
cf. (2.3). 
Next, we show that ifm 6= 0, then the flow is rotational and that the vorticity decreases
rapidly with the depth. For m = 0 the particles move horizontally with the wave speed,
meaning that the flow is irrotational.
Lemma 3.6. The vorticity of the flow is given by the relation
γ = −
2kme2kb
1− e2kb
for b ≤ b0. (3.7)
Proof. It follows from (2.3) and (3.1) by direct computation that
γ = uZ − wX =
XtbXa −XtaXb − ZtaZb + ZtbZa
det ∂Φ(t)
= −
2kme2kb
1− e2kb
.

We notice from relation (3.7) that the vorticity function depends only of the sign of
m when m = 0, whereas for geophysical waves it depends upon the difference U − c.
Finally, we are left to check the second last relation of (2.2).
Lemma 3.7. The kinematic condition
w = ηt + uηX on Z = η(t,X)
is satisfied for all t ≥ 0.
8 ANCA–VOICHITA MATIOC
Proof. Using Lemma 3.1, we need to prove that w = (u − c)ηX on Z = η(t,X). By
the definition of η we have
ηX(X(t, a, b0)) =
Za
Xa
(t, a, b0) = −
ekb0 sin(k(a−mt))
1− ekb0 cos(k(a−mt))
.
Using (2.3) and the previous relation, we obtain that
w − (u− c)ηX =me
kb0 sin(ka− kct)
+m(ekb0 cos(k(a−mt))− 1)
ekb0 sin(k(a−mt))
1− ekb0 cos(k(a−mt))
=0,
and therefore the kinematic surface condition is satisfied. 
4. Particle paths in geophysical waves. As mentioned in Section 3, the wave
profile corresponding to the solutions (2.3) is independent of the magnitude of the un-
derlying current U = c − m and the value of m. It is the motion of the particles and
the speed of the wave which are influenced by these constants. While for waves without
Coriolis effects there is a symmetry with respect to sign(m), the particle description for
geophysical waves depends non-trivially on both constants U and m. For example if
there is no underlying current U = 0 there are two solutions in the family (2.3): one
moving from west to east with wave speed c = (−ω +
√
ω2 + kg)/k, and one moving in
the opposite direction at larger speed c = (ω +
√
ω2 + kg)/k.1
We start by examining the drift experienced by the water particle, that is the horizon-
tal distance moved by the particle between its positions on two consecutive crest lines.
If m = 0, then particles on a crest line remain always there, and the notion of drift has
no meaning. Assume now m 6= 0. Clearly, the particle parametrized by (a, b) = (0, 0) is
located at time t = 0 on a crest line. We infer then from (2.3) that the first time t > 0
when the particle is located again on a crest line is t = 2pi/(k|m|). The drift of this
particle is
d = X(2pi/k|m|), 0, 0)−X(0, 0, 0) =
2piU
k|m|
.
If (0, b) corresponds to another particle on the crest line X = 0 (when t = 0) we infer
from (2.3) that
X(2pi/k|m|), 0, b)−X(0, 0, b) =
2piU
k|m|
,
meaning that t = 2pi/(k|m|) is the first positive time when the particle is located again
on a crest line. Thus, we may conclude the following result.
Proposition 4.1. Assume that m 6= 0. The signed horizontal drift of a particle within
a period is
d =
2piU
km sign(m)
. (4.1)
1 Note that in the absence of Coriolis effects ω = 0, the speed of the two solutions with U = 0 is the
same c =
√
g/k. In fact, in this case, it is the same solution but seen from two different reference frames.
However, when ω > 0, not only that the wave speed and the direction of propagation are different, but
also the angular velocity of the particles, which move in both cases on circles, is different.
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For Stokes waves the drift of particles depends on their vertical position in the fluid
and it decreases with depth, cf. [6, 11, 15]. Moreover, in the presence of adverse currents
it is shown in [11] that some of the water particles may move in the direction of the
current and other ones in the opposite one. For our Gerstner type solutions though, the
drift of the particles is constant in the flow and all particles move (loop or undulate) in
the same direction as the current.
In order to describe the trajectory traced by a water particle, which corresponds in
the parameter space Σ to the pair (a, b), it is suitable to re-parametrize this curve by
rescaling the time as follows
τ := sign(m)k(mt− a) for m 6= 0. (4.2)
Note that this change of variables is orientation-preserving. We find that the curve
(x(τ), z(τ)) :=
(
ac
m
+
U
km sign(m)
τ +
ekb
k
sin(sign(m)τ), b +
ekb
k
cos(τ)
)
, τ ≥ 0,
(4.3)
is a parametrization of the path traced by the particle. The case c = m corresponds to
Gerstner’s wave analyzed in [2, 17, 24], when the particles move on circles. When U 6= 0,
the curve parametrized by (x, z) still has a nice geometric interpretation. Namely, if
U sign(m) > 0, then it represents a trochoid which is locus of a point at distance ekb/k
from the center of a circle of radius |U |/(k|m|) rolling on a fixed line. There are three
special cases which may occur: the point may be located inside the circle and in this case
the curve is real-analytic and is called curtate cycloid; the point may be located on the
circle and the curve has downwards cusps at τ = (2l+1)pi/2, l ∈ Z, being called cycloid;
or the point is located outside the circle and the curve has self-intersections and is called
prolate cycloid. On the other hand, if U sign(m) < 0, the curve traced by the particle is
a reflected trochoid (the refection of a trochoid with respect to an horizontal line).
In the remainder, we shall consider the most general case when the parameter b0 in
(2.4) is b0 = 0.
4.1. Particle paths in the absence of the Coriolis force. We first describe the fluid
motion underlying the waves given by (2.3) when ω = 0. In this regime, the motion is
completely determined by the underlying current U and the sign of m.2 Furthermore,
by Lemma 3.2, we may choose U to be any real number since there is no restriction on
the wave speed c.
Proposition 4.2. Assume that ω = 0, and let U be the velocity of the horizontal
background current. Furthermore, we assume that m =
√
g/k and consider a particle
located in the fluid layer and parametrized by (a, b) ∈ Σ. Then, we have:
(a) In the absence of a current U = 0, the particle moves clockwise on a circle.
(b) If U > 0, (resp. U < 0) then the particle moves on a trochoid (resp. the reflection
of a trochoid with respect to a vertical line). Letting b∗ := ln((kU
2/g)1/2k), the
2Given U ∈ R, the wave speed c and the value of m are given by the relations
m = sign(m)
√
g
k
and c = U + sign(m)
√
g
k
.
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(1) (2)
(3) (4) (5)
(6) (7)
Fig. 1. Particle paths in the absence of the Coriolis force when k =
1, m =
√
g, and the current U is given by: (1) U = −g; (2) U = −√g;
(3) U = −g1/4; (4) U = 0; (5) U = g1/4; (6) U = √g; (7) U = g.
In each of the figures (1) − (7) we plotted the trajectories of the
particle parametrized by (a, b) over two periods when a = 0 and
b = 0, b = −0.8, b = −1.5, b = −2, and b = −2.5. Observe that as b
decreases, the vertical displacement in each half-period decreases too.
trochoid is of the one of the following types: prolate cycloid if b > b∗; a cycloid
if b = b∗; or a curtate cycloid if b < b∗.
If m = −
√
g/k, the situation is similar: the particle moves counterclockwise on a circle
if U = 0, and, if U < 0 (resp. U > 0), then it moves on a trochoid (resp. a reflected
trochoid).
The particle paths are illustrated in Figure 1.
Proof. The proof is a consequence of (4.3) and Lemma 3.2. 
Note that the constant b∗ is non-positive, which is the only relevant situation for
Proposition 4.2, if and only if
0 < |U | ≤
√
g/k. (4.4)
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Assuming (4.4), particles close to the wave surface are looping in the direction of the
current, while those located deeper in the fluid undulate in the same direction. On the
other hand, if (4.4) does not hold and U 6= 0, then all the particle undulate in the
direction of the current. For U = − sign(m)
√
g/k we have c = 0 and b∗ = b0 = 0.
When sign(m)U ∈ (0,
√
g/k) the current is moving in the opposite direction to the wave
(adverse current), otherwise (excepting U ∈ {0,−m}) the current moves in the same
direction as the wave.
4.2. Particle paths for geophysical waves. We describe now the paths traced by the
particles for the wave solutions (2.3) in the geophysical context when ω > 0. We empha-
size that for geophysical waves there exists a upper bound on the value of U above which
the equations (2.3) cease to describe solutions of the problem (2.1):
U ≤
ω2 + g
2ω
. (4.5)
Indeed, by Lemma 3.3, we can determine U in dependence of m
U =
g − km2 − 2ωm
2ω
,
and this quadratic equation in m has real solutions if and only if (4.5) is satisfied.
Furthermore, there is also an upper bound on the speed at which the wave may travel
eastwards:
c ≤
g
2ω
. (4.6)
While in the case ω = 0, the fluid layer associated to the solutions (2.3) does not contain
stagnation points, that is particles which travel horizontally with the wave speed, in the
geophysical context the situation is different.
Proposition 4.3. Assume that m = 0. Then, all the particles corresponding to the
solution (2.3) move horizontally eastwards with the wave speed c = U = g/(2ω). If
m 6= 0, then the equations (2.3) describe waves without stagnation points.
Proof. It follows readily from (2.3) that
(u,w) = (c−m(1 − ekb sin(k(a−mt))),mekb cos(k(a−mt))).
Clearly, if m = 0, then (u,w) = (c, 0) and all the fluid particles are stagnation points. If
m 6= 0, there is no pair (a, b) with this property. The assertion follows now from Lemma
3.3. 
Since for equatorial geophysical waves U and c are determined by the constant m, it
is natural to use m as a parameter when studying the motion of the particles for the
solutions (2.3). We obtain the following characterization of the paths described by the
particles.
Proposition 4.4. Assume that ω > 0, let (a, b) ∈ Σ be the parameter corresponding to
a particle in the fluid, and define the constants
m1 :=
−ω −
√
ω2 + gk
k
< m2 :=
−ω +
√
ω2 + gk
k
.
Then, we have:
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(1) (2) (3)
(4) (5) (6)
(7) (8) (9)
(10) (11) (12)
(13) (14) (15)
Fig. 2. Particle paths for geophysical waves with k = 1 when: (1)
m = −9ω −
√
g; (2) m = −2ω −
√
4ω2 + g; (3) m = −3/2ω −√
ω2 + g; (4) m = −ω −
√
ω2 + g; (5) m = −ω/2−
√
ω2 + g;
(6) m = −
√
g; (7) m = −ω −
√
g; (8) m = 0; (9) m = −3ω +√
4ω2 + g; (10) m = −2ω +
√
4ω2 + g; (11) m = −3/2ω +√
(3ω/2)2 + g; (12) m = −ω +
√
ω2 + g; (13) m = −ω/2 +√
(ω/2)2 + g; (14) m =
√
g; (15) m = ω+
√
ω2 + g. Each figure
(1)−(15) shows the paths of the particle (a, b) over two periods, with
(a, b) as in Figure 1.
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(a) If m = m1 (resp. m = m2), then the particle moves counterclockwise (resp.
clockwise) on a circle.
(b) If m ∈ (−∞,m1) ∪ (0,m2), then the particle moves on a trochoid. Letting
b∗ :=
1
k
ln
(
g − km2 − 2ωm
2ωm
)
the trochoid is of one of the following types: prolate cycloid if b > b∗; a cycloid
if b = b∗; or a curtate cycloid if b < b∗.
(c) If m ∈ (m1, 0)∪(m2,∞), then the particle moves on a reflected trochoid. Letting
b∗ :=
1
k
ln
(
g − km2 − 2ωm
−2ωm
)
the trochoid is of one of the following types: prolate cycloid if b > b∗; a cycloid
if b = b∗; or a curtate cycloid if b < b∗.
The particle paths are illustrated in Figure 2.
Proof. The proof follows from the Lemma 3.3 and relations (4.3). 
The relevant case b∗ ≤ 0 occurs in the case (b) if and only if m ∈ [m3,m1)∪ [m4,m2),
and in the case (c) we have b∗ ≤ 0 if and only if m ∈ (m1,−
√
g/k]∪(m2,
√
g/k], whereby
m3/4 are given by
m3 :=
−2ω −
√
4ω2 + gk
k
and m4 :=
−2ω +
√
4ω2 + gk
k
.
The current is favorable when m ∈ (−∞,m1)∪ (−
√
g/k,m2)∪ (
√
g/k,∞) and we have a
adverse current when m ∈ (m1,−
√
g/k)∪ (m2,
√
g/k). If (m, c, U) = (
√
g/k, 0,−
√
g/k)
or (m, c, U) = (−
√
g/k, 0,
√
g/k), then the equations (2.3) describe solutions in both
cases m = 0 and m > 0. In fact, these are the only solutions in the family (2.3) which
are valid in both contexts (see Figure 1 and Figure 2 for the paths of the particles in
these cases).
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